Crook's Fluctuation Theorem and Jarzynski equality are immensely powerful tools in obtaining equilibrium properties through non-equilibrium transition between two equilibrium states. In this letter, we propose an extension to the Crook's fluctuation theorem for transition between two non-equilibrium steady states (NESS). Using the proposed theorem, we show that it is possible to obtain free energy differences of multiple equilibrium states from a single set of data obtained from the transition between two NESS. The results are verified using numerical simulations by employing Nose-Hoover dynamics and a single dimensional φ 4 chain. The equations are cast in a manner that makes it possible to do experimental verification. The proposed method can provide free-energy difference for a range of temperature, and consequently is much faster than either the Jarzynski equality or the Crooks's fluctuation theorem. * puneetpatra@atdc.iitkgp.ernet.in 1
Classical thermodynamics fails to describe the average behavior of a system as its dimension decreases due to the dominant roles of fluctuations. This is more so true for nonequilibrium systems, where thermal fluctuations lead to significant deviation from the average behavior [ [1] ]. Biological motors like kinesin, DNA polymerase, RNA polymerase etc., essentially constitute such small-scale systems, where the effects of fluctuations are significant. These motors are extremely efficient, fast and coordinated. However, a lack of a unified nonequilibrium theory results in an incomplete understanding of such systems, posing problems for engineering nanoscale devices.
As of now, only a few tools are available for theoretical understanding at small scales -the fluctuation theorems [ [2] [3] [4] [5] ], the nonequilibrium work relations [ [6] [7] [8] [9] [10] 13] ] and large deviation functions [ [11] ]. The fluctuation theorems provide us with the statistical meaning of the second law of thermodynamics -for small systems observed over a small time duration t, there is a finite probability for heat to flow from a cold region to a hot region. This probablity, however, decreases with the increase in system size and observation duration.
The calculation of free-energy differences assumes a great importance for biologically inspired nano-motors as it places an upper bound limit on the useful work that can be extracted from them. In this regard, two nonequilibrium work relations deserve special mentions -the Jarzynski equality (JE) [6, 7, 12] and the Crooks' fluctuation theorem (CFT) [9, 13, 14] .
These equations can be used to estimate the free energy differences between two equilibrium states through nonequilibrium means.
CFT evaluates the free energy differences between the two equilibrium states A and B (both characterized by the same temperature T 0 ) by finding the probability distribution of the irreversible work performed during the transition from A to B (denoted by W F ) and the probability distribution of the irreversible work for the transitions between B and A (denoted by W R ):
where, β = 1/k B T 0 . Integrating 1 over the entire range of work done during this transition would result in JE [15] exp
Both JE and CFT present very fast and reliable methods for calculating equilibrium free energy differences [16] [17] [18] [19] and both, have been verified experimentally [20, 21] . However, they suffer from a different problem as described next. Suppose we are interested in knowing th efree energy difference between the states A and B but now characterized by a different temperature T ′ 0 . Using JE and CFT for this purpose means recalculating the several thousands of trajectories depicting the nonequilibrium transitions between these states. Likewise, upon changing the temperature again, new trajectories need to be calculated for evaluating the probability distribution of work. In this letter, we develop a fluctuation theorem and utilizing it we show that the equilibrium free-energy differences for a range of characterizing temperature T 0 can be obtained from single set of trajectories depicting the transitions between two nonequilibrium steady-states. Our method eliminates the need of recalculating trajectories after every change of the characterizing temperature. The equations have been cast in a manner that makes it possible to do experimental verification.
The underlying principle governing our approach is the relaxation of a nonequilibrium state to an equilibrium state [22] . This relaxation is governed by the constraints imposed on the system, and thus one can obtain a multitude of equilibrium states from a single nonequilibrium state by judiciously choosing the constraints. For example, consider the case of a steady-state thermal conduction occuring because of an imposed temperature difference T H − T C . Let us now replace the hot temperature reservoir T H with a reservoir T H − ∆T H and the cold temperature reservoir T C with a reservoir T C + ∆T C in a manner that that
Depending up on ∆T H and ∆T C , the temperature to which the system (T 0 ) eventually relaxes to changes.
We now describe the problem setup. Let our protocol-driven system begin in steady-state thermal conduction conditions (denoted by SS 1 ) due to an imposed temperature difference of T H −T C . The system has reached this steady-state from some unknown canonical equilibrium state A (and characterized by T 0 ) through applications of suitable constraints. On this steady-state system, we perform a finite amount of work (∆W ) by changing the protocol (λ) from λ A to λ B at a finite rate (i.e.λ = 0) in a time-duration τ . If the system is now left as is (i.e. λ is held constant at λ B ), it would reach a different steady-state SS 2 .
Upon suitable transformations, SS 2 can be made to reach a different equilibrium state B (characterized by T 0 as well). The steady-state and equilibrium temperatures are related through:
As has been mentioned before, depending upon ∆T i , one can think of starting from (or ending to) different equilibrium states. Now consider the same system, but in a reverse regime -the system starts from the unknown equilibrium state B to reach the steady-state SS * 2 , upon which a finite amount of work performed in time τ * to ensure that the system eventually settles down in the steady state SS * 1 . The time reverse protocol starts with λ = λ B . The superscript * is used to denote the reverse trajectory. Since the system is not in equilibrium, on an average, a heat flow would occur in the system. Our objective is to utilize the information of work and heat flow during the transition between SS 1 and SS 2 for developing a unified fluctuation relation.
Let us consider the forward trajectory where the system proceeds from the equilibrium state A to B. Until the external agent λ changes from λ A , no external work is done on the system. Consequently, the differential form of the first law of thermodynamics becomes:
where Q H is the heat supplied by the reservoir at T H , and Q C is the heat supplied by the reservoir at T C . The last equality uses the relationship between the phase-space compression factors (Λ) and the heat flowing from thermostats,Q = k B T Λ [23] . (4) 
Let us define a generalized dimensionless time-averaged work function, similar in spirit to the one introduced by Evans [24] , ∆W G :
where Z λ i is the normalization constant at time i, P F (Γ(0)) is the initial probability of observing a microstate Γ(0) that evolves to Γ(t) in time t and P R (Γ(t)) is the initial probability of observing a microstate Γ(t) in the time reversed protocol. For simplicity, the entire transition process (from A to B) can be thought of as comprising of three disjoint transitions -(i) from equilibrium state A until λ starts to evolve (occuring in a time t 1 ), (ii) from λ = λ A to λ = λ B (occuring in time τ ), and (iii) from λ = λ B until equilibrium state B occuring in time t 1 . We are mainly interested in transition (ii), for which the generalized work function can be calculated as:
(7) avoids the unncessary difficulties arising due to starting a process at a nonequilibrium state, and always starts from the equilibrium state A. Let us first find ∆W G,i . This gives the generalized work function for the path (i). Using the fluctuation theorem for heat flow [23, 25] , it is easy to show that the genralized work function for path (i) is:
Likewise, the generalized work function for the composite path (i) + (ii) can be shown to be:
Substituting into (7) and recognizing that no work is done in the first t 1 time duration, the time averaged work function becomes:
where,Q i,τ indicates the net heat flow in time τ . The superscript F denotes the forward path.
Proceeding similarly in the reverse protocol, with the system starting from the equilibrium state B, the work function becomes:
Using (6), the following relation between the forward and reverse steady-state probabilities holds true:
Here we have assumed that a trajectory starting from steady state 1, must have a conjugate trajectory with nonzero probability that starts from steady state 2. Using the fact that due to the deterministic nature of the dynamics, the work function in the forward process must be the negative of that in the reverse process i.e. ∆W F G,ii = −∆W R G,ii along with 12, the following relation can be obtained:
Like the CFT, in the above derivation, the dynamics is assumed to be such that any phase point with f SS A (Γ) = 0, then probability of its time-reversed path f SS B Γ * = 0 as well. A subtle rearrangement in the developed fluctuation relation (13) results in:
which is the main result of this paper. (14) (henceforth, referred to as GCFT) is similar to the CFT with additional terms occurring due to the heat flow from the reservoirs. The corresponding JE like equality (GJE) may be obtained by taking the necessary averages i.e.
The procedure to extract equilibrium ∆F between equilibrium states A and B from transition between NESS through nonequilibrium paths using GCFT involves the following steps: (i) a large number of outcomes with random initial conditions is generated for the forward and reverse trajectories, (ii) the probability distribution functions of the generalized work is calculatde for both the forward and reverse paths, (iii) the value of k for which
R is found, and (iv) using the relation k = β∆F , the equilibrium free energy difference is calculated. Instead, if GJE is used, one needs to calculate the average value of work function in the forward path according to (15) . Both the equations are significantly governed by their tail probabilities and are associated with long convergence time if the overlap between the probabilities is poor. (14) and (15) have a form such that they can be verified experimentally.
The time duration of the transition is independent of the free energy difference, as it should be. But, it determines and governs the tail probability -a longer transition time necessitates large number of trials owing to poor overlap between the forward and reverse probabilities. This is because it influences the amount of heat supplied by the thermostats.
A second law type inequality can be recovered by applying the Jensen's inequality to (15) :
However, the equation has a very poor convergence property and takes large number of trajectories.
To test the effectiveness of (14), numerical simulations have been performed using one dimension φ 4 chain, the particles of which are governed by the Hamiltonian:
with, x i and p i denoting the position and velocity of the i th particle, respectively. U(x i , x i+1 ) represents a quadratic nearest neighbour interparticle interaction and is given by U( 
A thermal conduction is induced in the φ 4 chain by keeping its two ends at different temperatures by using the Nosé-Hoover thermostat [27] . Solutions to the differential equations have been obtained with the classic Runge-Kutta algorithm with an incremental time step of 0.01. The results are compared with those obtained from JE and CFT at different values of T 0 . The system is initialized in a manner that x i = x i,0 = i. Initial particle velocities are taken to be random. The particles at the extreme ends are subjected to the Nosé-Hoover equations of motion, and the remaining particles are governed by the Hamilton's equation of motion. To achieve equilibration, the system is kept at T 0 for 1 million timesteps. JE and CFT are obtained using 5,000 forward and reverse trajectories with τ = 1000 time steps post equilibration. For the reverse trajectory, the change in V is exactly opposite:
For our proposed approach, post initialization a temperature gradient is imposed on the system by keeping the left particle at T H and the right particle at T C . We assume that steady-state sets in after 1 million time-steps, following which k 2 evolves according to 18.
The reverse trajectory proceeds analogously. In total 5,000 forward and reverse trajectories are calculated.
For the Nosé-Hoover thermostatted dynamics, the following relations hold true (when no external work is done):
Here the subscripts C and H denote the cold and the hot thermostatted particles, and η i is the i th reservoir variable. The last equality defines a constant of motion for the dynamics.
The cumulative heat flow from the i th thermostat is given by:
The work done due to changing the tethering potential in time τ may be calculated as:
This expression is used for calculating the work done in this work. The equilibrium free en- Nevertheless, the forward and backward distributions due to both these cases intersect at almost the same value of generalized work. The equilibrium free energy differences obtained using GCFT are compared with those obtained from JE and CFT at six different temperatures. THe results are shown in table I.
The results indicate that the equilibrium free energy differences obtained using GCFT matches closely with those from JE and CFT. Further, the case of ∆T = 0.02 is able to approximate the equilibrium free energy differences even for the states as far as T 0 = 0.21
and T 0 = 0.29. The results suggest that one can use a single set of data obtained during a transition between two NESS and employ GCFT to calculate free energy differences for a range of temperature, thereby saving a lot of computational requirements.
To summarize in this work, generalized versions of CFT and JE have been presented. The proposed extensions present a suitable method through which equilibrium free energy differences can be extracted from the information embedded within the non-equilibrium steady 
